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Abstract. This article is an expanded version of the talk given by the first 
author at the conference "Exponential sums over finite fields and applications" 
(ETH, Ziirich, November, 2010). We state some conjectures on archimedian 
and p-adic estimates for multiplicative character sums over smooth projective 
varieties. We also review some of the results of J. Dollarhidei4j, which formed 
the basis for these conjectures. Applying his results, we prove one of the 
conjectures when the smooth projective variety is P" itself. 



1. Introduction 

Let Fg be a finite field of characteristic p, let fi,...,fr G Fg[a;o, . . . , x„] be 
nonconstant homogeneous polynomials of degrees di, . . . , dr, respectively, let 

be multiplicative characters (extended to ¥q by setting Xi(0) — for all i), and let 
X CV" he a projective variety. We always impose the hypothesis that 

(1.1) the product Xi^ ' ' ■ xf"^ is the trivial character. 

This guarantees that for any point x e P"(Fq), the expression 

Xl{fl{x))---Xr{fr{x)) 

is well-defined, i.e., it is independent of the choice of homogeneous coordinates for 
the point x. For any m > 1, we can then form the multiplicative character sums 

r 

(1-2) = nx»°No™F,™/F,(/^(^))eQ(c,-i) 

and their associated L-function 

(1.3) L{t) - exp ( ^ Sm— ] e Q(C9-i)[W]- 



m 



^ m— 1 

It is known that this series is a rational function, i.e., L{t) G Q{Cq-i)(t), and one 
wants to determine the archimedian and p-adic absolute values of its roots. (The 
Z-adic absolute values all equal 1 for / ^ p.) 

Archimedian estimates have been proved by N. Katz |8l EJ [10] . We review some of 
them in Section 2 and state a further conjecture. Our main focus will be on p-adic 
estimates. The motivating idea is earlier work of Dwork 5 and MazurfTll [12], who 
considered zeta functions of smooth projective varieties over F^. Specifically, they 
sought to describe the (p-adic) Newton polygons of polynomial factors of the zeta 
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function. They accomplished this (Dwork for hypersurfaces, Mazur for complete in- 
tersections and more; see also Berthelot and Ogus(3]) by constructing lower bounds 
for the Newton polygons from the Hodge numbers of certain related varieties in 
characteristic zero. Recently, we gave a new proof of Mazur's theorem for complete 
intersections using Dwork's original approach ([TJ [2]). The first author's student, 
John Dollarhidej4|, extended those methods further to give p-adic estimates for the 
roots of L{t) in the case X = P". Based on his results, we make some conjectures 
for more general X. In this setting the (conjectural) lower bounds are constructed 
from "Hodge numbers" of certain logarithmic de Rham complexes on varieties in 
characteristic zero related to X. Aside from the conjectures, the main new result 
of this note is that Conjecture 3.1 below is true for X = P". The proof is sketched 
in Section 4. 

Before proceeding further, we give an example to illustrate the form taken by 
p-adic estimates for sums involving multiplicative characters. We regard the char- 
acters Xi taking values in Qp(Cg_i). The group of characters is cyclic, generated 
by the Teichmiiller character uj. It is defined by the property that for a; € , ll){x) 
is the unique (q — l)-st root of unity in Qp(Ci3-i) which is congruent to x modulo p. 
We can write any multiplicative character x as a power of uj, say, x = w^'^'^^^''^ for 
some e G {0, l/{q — 1), . . . , (g — 2)/{q — 1)}. Consider the Gauss sum 

X£¥g 

where tJj :¥q ^ Qp(Cp) is a nontrivial additive character. There is an automorphism 
a € Gal(Qp(Cg-i, Cp)/Qp) that leaves fixed and sends Cg-i to Cq-i- Since Galois 
automorphisms leave fixed the p-adic valuations of elements of Qp, the Gauss sums 

g{x^\'ip) have the same p-adic valuation for all i. Write x^^ — w^*-*^^^^*^' ' . If g = p° 
and X is nontrivial, then the theorem of Stickelberger says that 

1 ''"^ 

ordg g{x, V') = - X! ^^'^ 

(ordg is the p-adic valuation normalized by the condition ordq q = 1). Our point 
is that this type of p-adic estimate is typical for sums involving multiplicative 
characters: the estimate is expressed as the average of certain data associated to 
each of the conjugates of the sum under the map Cg-i ^ Cg-i- 

2. ArCHIMEDIAN ESTIMATES 

We recall a result of N. Katz[5] (and we refer to that article for more on the 
history of archimedian estimates for multiplicative character sums) . Let Di C P" 
be the hypersurface fi = and let D = lJl=i Di. We make the following hypotheses: 

(2.1) For each / C {l,...,r}, Xn Pi Di is smooth of codimension |/| in X. 

r 

(2.2) Let b2, ■ ■ ■ ,br be positive integers prime to p such that di — ^j'^j- 

J=2 



(2.3) The character x** is nontrivial, where h is the l.c.m. of 62, ... , hr- 
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Theorem 2.4. |8t Theorem 5] Let L{t) be the L-function associated to the sum 

E x(/i(-))rix-^^ (/,(-))= E x( ,f;^"^ . 

Under the hypotheses {2.1), (2.2), anrf (2.3), -L(t)''~^'' ^ is a polynomial of degree 
equal to the absolute value of the Euler characteristic of X\D and all its reciprocal 
roots have absolute value y^*^""^. 

We conjecture that conditions (2.2) and (2.3) can be weakened. Consider the 
exponential sums (1.2). We make the fonowing hypothesis. 

(2.5) The characters Xi are ah nontriviaL 

Conjecture 2.6. Let L{t) be the L-function associated to the sums (1.2). 

(a) Under the hypotheses (1.1), (2.1), and (2.5), L(i)'^^^-' ^ is a polynomial of 
degree equal to the absolute value of the Euler characteristic of X \ D and all its 
reciprocal roots have absolute value ^fq ™ . 

(b) Under the hypotheses (1.1) and (2.1), if at least one of the characters Xi 
nontrivial, L{tY~^"' * is a polynomial of degree equal to the absolute value of 
the Euler characteristic of X \ D and the absolute values of its reciprocal roots lie 
in the set {^/q^ | i = 0, 1, . . . , dimX}. 

Part (a) of the conjecture imphes part (b), indeed, one can compute the number 
of reciprocal roots of i(t)'~"'^) ^ having a given archimedian size. For example, 
suppose xi is the trivial character. Then 

(2.7) E f[x^iM^))- E rix.(/.(^)) 

r r 

= E Emmx))- e IlMi^))- 

If we denote by Li{t) and L2{t) the L- functions associated to the character sums 
on the right-hand side, then this equation implies 

^ Li(t)(-i)^""""^L,(t)(-i)^'"^^°^"\ 

If X2, ■ • ■ , Xr- are all nontrivial, then part (a) of the conjecture applies to both L- 
functions on the right-hand side and one gets a complete archimedian description 
of L{t). If some of X2, ■ ■ ■ ,Xr are trivial, one repeats the process as many times 
as necessary to express L{t) as a product of L- functions that are all described by 
part (a) of the conjecture. 

3. p-ADIC ESTIMATES 

We consider the case where all Xi are nontrivial. By the discussion of the previous 
section, the general case can be reduced to this one. Regard each character as taking 
values in Qp(Cg_i) and express them as powers of the Teichmiiller character: 



e.e{l/(g-l),...,(<?-2)/(g-l)}. 
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Condition (1.1) is equivalent to requiring that J2i=i ^i^i be an integer. Let e = 
(ei, . . . , Cr) and put 

r 
i=l 

We clearly have < d^ < J2l=id'i- 

Suppose that we were working over C rather than over ¥q and let U — P"^ \ D. 
There is a connection Ve on Ou{—de) defined in homogeneous coordinates as 

1=1 J' 

(One can think of this formally as d : Ou{-de)fl^ ■ ■ ■ fp' VL\j{-de)fl^ ■ ■ ■ fp' 
since "sections" of Ou{—de)fi^ ■ ■ ■ fr'' are formally of degree 0.) The puUback of 
this connection to X has logarithmic poles along DOX, which is a normal crossing 
divisor on X by hypothesis (2.1). One can thus consider the logarithmic subcomplex 
of this pullback, together with its Hodge filtration (the decreasing filtration obtained 
by truncating the logarithmic subcomplex on the left). What is the resulting Hodge 
filtration on the hypercohomology of this logarithmic subcomplex? 

This question is answered in Esnault-Viehweg^. Let J7^(L'nX) be the module 
of differential fc-forms on X with logarithmic poles along DOX and let i : X '-J- P" 
be the inclusion. Set £ = i*Or"ide) and set E = J2l=iil ~ an effective 

divisor on P". Since Ow^{E) ^ Op,>(4)''"\ we have Ox{E.X) ^ By 
Esnault-ViehwegO Section (2.7)], there is a connection with logarithmic poles 

Ve : vl\{d r\ X) ® 

which is just the logarithmic subcomplex of the pullback to X of the connection 
Ve on f2^(— de) described above. 

The Hodge filtration on the complex (fl^iD Ci X) ® Ve) gives rise to a 
spectral sequence 

E\^ = w{x,n'x{Dnx)(g}C-^) ^ m'+^{n'x{Dnx)(E)C-\We). 

By [71 Section (2.4)], this spectral sequence degenerates at the E'l-term. Futher- 
more, since X \ 73 is affine and ^ Z for all i, we have by [7J Theorem (2.8)] 

W{X,n:'x{Dr\X) ^C^^) ^ O ior i+j ^ dimX. 

Put h'{e) ^ dime H'^"'^^-'{X,n'^{D n X) (g) C-^). We conjecture that 

dimX 

^ h^{e) = \x{X\D)\, 

i=0 

where xi^ \ -O) denotes the Euler characteristic oi X \ D. When X = P", this 
is a consequence of Dollarhide's formulas. The results of Silvotti[13 provide some 
heuristic support for this belief in the general case. Furthermore, if we put e = 
(1 — ei, . . . , 1 — Br), then we expect that 
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When this is the case, we define ge : [0, \x{X \ D)\] — > [0,oo) to be the function 
whose graph is the Newton polygon relative to the valuation ordq of the polynomial 

dim X 

4=0 

We now return to the characteristic p setting. When one can associate to the 
variety X and divisor D in characteristic p an appropriate variety and divisor in 
characteristic zero, one can take the h^{e) to be the "Hodge numbers" of the charac- 
teristic zero situation. A simple case is where X is a smooth complete intersection 
over Vq. We take the corresponding variety in characteristic zero to be any smooth 
complete intersection having the same multidegree. (So implicitly we are conjec- 
turing that for smooth complete intersections over C, the h^{e) depend only on e, 
the multidegree, and the di.) As in the Gauss sum example in Section 1, we define 
e' G {!/((?- 2)/{q- l)Y by the condition that {q - l)e' = p{q - l)e 

(mod (? - 1). Put e^") = e and for i = l,...,a- 1, let e^'^ = (e^*"!))'. Let 
g : [0, \x{X \ D)\] — > [0,oo) be the average 

^ a — l 
9 = - y]5e(')- 

a 

i=0 

Conjecture 3.1. For X a smooth complete intersection mP", the Newton polygon 
of L(i)'-^^) relative to the valuation ordg lies on or above the graph of the 

function g. 

4. Dollarhide's results 

DoUarhide's thesis deals with multiplicative character sums on P". Our study 
of the methods he used and the estimates he obtained led us to the conjectures of 
the previous section. In particular. Conjecture 3.1 for X = P" can be proved by 
applying what Dwork referred to as "Laplace transform" (see [6l Chapter 11]) to 
the complex studied by Dollarhide. Dwork's Laplace transform takes Dollarhide's 
complex to the associated graded of the filtration by order of the pole on the 
complex (riJ„(*Z?) (g) Ve) (the notation i7J„(*£') indicates we allow poles of 
arbitrary order along the divisor D). By [7], the inclusion of the logarithmic sub- 
complex into f2*„(*_D) (g) (with the filtration by order of the pole) is a filtered 
quasi-isomorphism. Furthermore, we speculate that the method of Dollarhide can 
be generalized to prove Conjecture 3.1 itself. We give here a brief outline of Dol- 
larhide's work and some examples of the information contained in his formulas. 

Dwork's theory often allows one to reduce the problem of finding p-adic estimates 
for exponential sums to that of calculating the cohomology of certain complexes in 
characteristic p. Under condition (1.1), we have the relation 

(4.1) Xl{fl{^))---Xr{fr{x)) = {q-l) Xl{fl{x))---Xr{fr{x)). 

We are interested in the sum over P", but the sum over A"+^ is closely related. We 
expect a single nontrivial cohomology group associated to the sum over P" in the 
"nice" situation. The factor of g — 1 on the right-hand side of (4.1) tells us that 
the sum over A"+^ should have associated to it two isomorphic cohomology groups 
where the Frobenius action on one is simply q times the Frobenius action on the 
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other. We focus attention on the sum over A"+^. For a nontrivial multipUcative 
character x ^-nd nontrivial additive character -0 one has 

2;GA" + 1(F,) (£!;,y)eA"+2(F,) 

where (7(x~^iV') denotes a Gauss sum (see Section 1). More generahy, 

(4.2) E Xl{h{x))---Xr{fr{x))^ 

3;eA" + i(F,) 

r 

X{9{xi\i^r^ E Xi\yi)---Xr\yrmyih{x) + --- + yrfr{x)). 

i=l (3:,a)eA" + i+'-(F,) 

Since the p-adic valuation of Gauss sums is well known, one is reduced to studying 
the "twisted" exponential sum 

E Xi^{yi) ■ ■ ■ Xr^{yr)i^{yifi{x) h — + yrfr{x)). 

(£i;.y)6A" + i + '-(F,) 

Let il^ (Y) denote the fc-forms over Vq[x, y] with logarithmic poles along the 

divisor Y : yi - ■ ■ — Q va A"+^+''. It is a free F^[a;, y]-module with basis the forms 
(Z + m = fc, < zi < • • • < i/ < n, 1 < ji < • • • < j„ < r) 

dxi^ ' ' ' dxij ■ ■ • . 

yji Vh. 

Put F = Yn=iyJii^) ^ ^q[x,y] and consider the complex (fJ'^j^^^j (F), dFA). By 
setting 

degi = degi dxi = 1 deg^ yj = deg^ dyj = -dj, 

deg2 = deg2 dxi = deg2 yj = deg2 rfy^ = 1, 

this becomes a bigraded complex with boundary map of degree (0,1). For any 
i G Z, we denote by Q* [x y]0^)^^^ subcomplex of elements with degj^ = i, 
and we denote by fl^ y]0^)'"^^'^^^ the subspace of elements of bidegree (ii,«2) in 
^¥,lx.y]iY)- We denote by H''{Q'^^,^ y^{Y)^^^\dFA)^^^'> the subspace of elements of 
bidegree («i, 12) in the k-th cohomology group of the complex (fl* {Y)'^^^ \ dFA). 

Let e = (ei, . . . , e^) be as in Section 3 and set e = (1 — ei, . . . , 1 — Cr). We have 
dg = J2l=ii^~^i)^i and < dg < '^i- In [4], Dollarhide (a) uses Dwork theory 

to reduce the computation of the lower bound for the Newton polygon of _L(t)(~^'"*^ 
to the computation of the cohomology of the complex (fij y^{Y)'-'^^\dFA), and 
(b) calculates the ff'=(r2;_^[^ di^A). 

Theorem 4.3. One has H''{ni^^^ (F) dFA) = for k ^ n + r,n + 1 + r. 
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Define 9 : ^v,[xy](X) ^ ^¥^[x y\^) *° ^® Fg[x, ?/]-module homomorphism 
acting on basis elements by 

(4.4) 

e{dx,^ . . . dx,, ^ • • • ^) = Yi-iy-^xs dx,, ---dx, ■■■ dx,, ^ . . . ^ 

+ i-iy f:{-i)%, dx,, ■ ■ ■ dx„ 

Vjl Vjt Vjm 

One checks that the sequence 

is exact for all j > 0. This leads to the following result. 
Corollary 4.5. The map 9 induces an isomorphism 

In terms of the bigrading, we have a more precise result. 
Proposition 4.6. One has 

H"+-+\n;^^^^y^{Y)^^^\dFA)^^^ - forj<0 or j > n 
and the map 9 induces isomorphisms 

H-+'-+H^l[.,y]{Y)^'''\dFA))^^^ - i7"+'-(f^J^f,,^j(r)('^^),di^A)(-'") for all j . 

With the computation of cohomology complete, one can apply Dwork theory to 
find the lower bound for the Newton polygon of L(<)*^^^''"^\ For j = 0, . . . , n, put 

and let 5^- : [0, |x(C^)|] ^ [0^ 00) be the function whose graph is the Newton polygon 
of nj=o(-'^ ~ q3t)^^i'iii) relative to the valuation ordq. Put g = YltZo 9d_ii^ ■ The 
main result of [?] is the following. 

Theorem 4.7. // the fi = are smooth hypersurfaces in P" meeting transversally 
and all the Xi o'^fi nontrivial, then L{tY~^^ is a polynomial of degree \xiU)\ 
whose Newton polygon relative to the valuation ord^ lies on or above the graph of 
the function g. 

Equation (5.3) below implies that fc^(fig) = /c"~^(de)- Furthermore, it can be 
shown that the associated graded of the Hodge filtration discussed in Section 3 
corresponds to the reverse of the grading by deg2, i.e., k^~^{de) = h^{de). Thus the 
function g defined above equals the function g defined in Section 3, so Theorem 4.7 
proves Conjecture 3.1 in the case where X — ¥^\ 

5. Explicit formulas 

In this section we give DoUarhide's explicit formulas for the fc^(de). The basic 
idea is to write down the Hilbert-Poincare series for the fl^ y] (^)^'*°'*'' (easily 
expressible in terms of binomial coefficients) and use the fact that the complex 
is almost exact to find the Hilbert-Poincare series for _ff"+''+^(riJ y]0^y'^°^)^*^ 
(which is a polynomial of degree n). We summarize the result of the calculation. 
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For nonnegative integers bi, . . . ,br we write B — hi + ■ ■ ■ + br- For B < n, put 

= S^T^^"-^^^ -l,2-l,...,n- l)dt • • • d^, 

where Si denotes the i-th elementary symmetric function in n variables. Define a 
polynomial of degree n + 1 

n+l 



1=0 

For any complex number (or indeterminate) a and integer 6 > 0, define a polynomial 
t 



Ql"\t) G Q(a)[t] of degree b by the formula 



t-" t— 



dtj 1-t 

One can show that the polynomial Ahi j)^{t) is divisible by (1 — t)^~^^, so for each 
vector a = (ai, . . . , a^) we can define a polynomial Ha{t) of degree n by the formula 

(5.1) H^{t)= A,,...,M il-Jll ■ 

6iH \-br<n ^ ' 

One can show that Ha{t) depends only on da, i.e., if Ym=\ ^'i'^i ~ Si=i ^1*^11 then 
Ha'{t) = Ha{t). 

Proposition 5.2. One has He{t) = X]J=o ^■'('^e)^-', the Hilbert-Poincare series of 
H"+-+\n;^^^^y^{Y}(''^\dFA)('^ for the grading by deg^. 

It is clear from the definition that a["^b7'^ ~ i~^)"'~^^bi 5 • can show by 
induction on b that for all a and all 6 > one has 

t^g(«)(iA) = Ql'""Ht)- 

These two relations imply that 

(5.3) Ha{t) =t''Ha{l/t) (wherea= (l-ai,...,l-ar)), 

which implies that ^{dg) = k"~^{de). 

For small values of n, one can use Equation (5.1) to find explicit formulas for 
the y{de)- When n = 1, one gets 

fc°(4) = 4-l, k\de) = r - de - I. 

In the case n = 2, where the equations fi = define smooth curves in P^, one 
calculates 

r r 

k\de) = ^-dl + deY,d^ + -J2Mdi-5)■ 
j=l i=l 

k\d,)=^^^±^^^^-d,j2d, + lj2dM-3)+ E d,A.- 

i=l i=l l<ii<Z2<T' 
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For example, take r — 2, di — d2 (= d, say), and 62 = 1 — ei. This implies that 
de = d and the formulas simplify to 
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